We apply a version of the recently developed approach combining the correlation potential, linearized singles-doubles coupled-cluster, and the configuration interaction methods to the spectra of the heavy alkaline earths barium, radium, and element 120. Quantum electrodynamics radiative corrections are included. We have found unprecedented agreement between ab initio theory and experiment for the spectra of barium and radium, and we make accurate predictions for missing and unreliable data for all three atoms.
I. INTRODUCTION
Preparatory work with the radium atom towards measurements of fundamental symmetries violations is in progress at Argonne National Laboratory (USA) [1] and Kernfysisch Versneller Instituut (The Netherlands) [2] . Studies of the parity and time-reversal violating atomic electric dipole moment (EDM) and atomic parity violation (APV) are particularly attractive in radium due to orders of magnitude enhancement of the effects, arising from both nuclear and electronic mechanisms: the presence of octupole deformation of the nucleus may lead to several-hundred times nuclear enhancement of the EDM in radium in the electronic ground state compared to mercury (see, e.g., [3, 4] ), for which the best limit on an atomic EDM has been placed [5] ; the presence of anomalously close electronic levels of opposite parity may lead to orders of magnitude electronic enhancement of EDM effects in metastable states and APV effects in certain transitions [6, 7] .
High-precision atomic structure calculations will be required for interpretation of the APV and atomic EDM measurements [8] . Moreover, the measured low-lying excitation energies for radium are incomplete, and it is important to have high-precision predictions for these levels. There are already a number of theoretical works devoted to studies of fundamental symmetries violations in radium [7, [9] [10] [11] [12] [13] [14] and to the radium spectra, lifetimes, and hyperfine structure [15] [16] [17] [18] [19] [20] [21] . There are also recent measurements of a few transition frequencies and lifetimes [22] [23] [24] . In this work we use a recently-developed approach that combines the correlation potential, singlesdoubles coupled-cluster, and configuration interaction methods [25] to the radium spectra. We have found unprecedented agreement between theory and experiment for most levels using this ab initio method.
The heavier electronic homologue of radium is element 120. Efforts to synthesize this element are underway at GSI (Germany), JINR (Russia), and RIKEN (Japan) (see, e.g., [26] ). This element lies within the predicted island of stability, a region of increased stability against nuclear decay close to the next doubly magic shell closures Z=114, 120, or 126 and N=172 or 184, depending on the model [27] . If Z=120 is the next closed proton shell, significantly increased stability is expected for this element. Enhanced stability could make atomic and chemical studies of this element possible. Already, chemical studies involving the superheavy element Sb (Z=106) have proved successful [28] . The current calculations for E120 extend the spectral range considered in previous works [29] [30] [31] .
We also perform calculations for the lighter electronic homologue barium, as this can be used to gauge the accuracy for the heavier elements. The method used in this work has already been applied to the low-lying levels of barium in Ref. [25] . Here we extend the application to the excitation energies of the lowest 31 levels.
II. METHOD OF CALCULATION
We use an approach that is based on the combination of several different many-body methods: the correlation potential (CP), linearized singles-doubles coupled-cluster (SD), and configuration interaction (CI) methods. It may be referred to as the CP+SD+CI method. This method was recently developed by Dzuba in Ref. [25] and is similar to the combined SD+CI method developed by Safronova et al. [32] .
The CP+SD+CI and SD+CI methods are essentially based on the method combining many-body perturbation theory and the configuration interaction (MBPT+CI) [33] , which has proven to be one of the most computationally efficient and accurate approaches for calculations involving heavy atoms with several valence electrons. These methods differ in their treatment of the valence-core correlations and the screened Coulomb interaction (valence-core-valence correlations), as we explain below.
Barium, radium, and element 120 have two valence electrons above a closed electronic core. We wish to find the eigenvalues and eigenvectors of the effective Hamiltonian for the two valence electrons,
by diagonalizing H CI with respect to wavefunctions constructed from linear combinations of two-electron Slater determinants; the Slater determinants are formed from relativistic Hartree-Fock orbitals found in the core of N − 2 electrons. Here h 1 contains all one-electron terms of the many-electron problem and h 2 contains all twoelectron terms. The one-electron terms are
where α and β are Dirac matrices, V nuc is the nuclear potential (we use the two-parameter Fermi distribution for the nuclear density),
is the self-consistent Hartree-Fock potential of the N − 2 electrons making up the electronic core, and Σ 1 is the correlation potential which accounts for the correlations between a single valence electron and the core. For E120, the choice of the nuclear parameters is important; for our Fermi distribution, we use a nuclear radius of r = 8.0 fm and nuclear thickness t = 2.0 fm, corresponding to a root-meansquare radius r rms ≈ 6.42 fm. These are the parameters we used in our previous calculation [29] , and we make this choice again for easy comparison with that work.
The two-electron terms h 2 consist of the Coulomb interaction and the two-electron correlation operator Σ 2 (the screened Coulomb interaction),
In the MBPT+CI method, both Σ 1 and Σ 2 are calculated using MBPT; they are often calculated in only second-order in the Coulomb interaction. We have demonstrated before, that using the all-order correlation potential Σ ∞ 1 in place of the second-order correlation potential Σ (2) 1 leads to significantly improved accuracy [19] . We refer to this latter approach, with the all-order Σ ∞ 1 , as the CP+CI method. In the SD+CI method [32] , both Σ 1 and Σ 2 are found from all-order linearized singlesdoubles coupled-cluster equations.
In the current CP+SD+CI approach, we calculate the all-order Σ ∞ 1 using the Feynman diagram technique, while the screening of the Coulomb interaction Σ 2 is found from the SD method. In this way, we include important classes of many-body diagrams to all-orders in the Coulomb interaction, both for Σ 1 and Σ 2 . It was shown in Ref. [25] that high accuracy in excitation energies can be obtained with this choice.
In the calculation of Σ 1 , the Feynman diagram technique is used to include two classes of diagrams to all orders in the Coulomb interaction for the direct part: the electron-electron Coulomb screening and the holeparticle interaction inside the internal loops [34] . The exchange part is evaluated in second-order in the Coulomb interaction by calculation of the corresponding Goldstone diagrams. Screening is taken into account in a simplified way, by multiplying the Coulomb integrals by factors found from the direct diagrams (more on this below). There is another series of diagrams, referred to as "ladder diagrams", that are calculated using singles-doublestype equations [35] ; the corresponding corrections to the valence energies are added to the CI matrix.
Screening factors for the exchange diagrams are found by taking the ratio of the expectation value for the direct part of Σ ∞,ee 1
(with the dominant all-orders electronelectron screening considered) to the expectation value for the direct part of Σ
dir,k |v . The corresponding factors for Ba are shown in the first row of Table I . Later, as a test of our accuracy, we consider the effect of using a different set of screening factors f hp k , found by considering both the dominant electron-electron screening and the hole-particle interaction series of diagrams; these factors are listed in the second row of Table I .
Note that we used slightly different factors for f k in different approximations (with or without Breit or QED corrections) as well as slightly different factors for different atoms (Ba, Ra, E120). They differ by a few percent at most, and as their precise values are not of general interest, we do not present them here.
We refer the reader to Ref. [25] for details regarding the calculation of Σ 2 .
In this work we quantify the corrections associated with inclusion of the Breit interaction and the quantum electrodynamics radiative corrections. The Breit interaction is considered at the relativistic Hartree-Fock (RHF) level. The radiative corrections are taken into account through the addition of a local radiative potential [36] to the nuclear potential. This radiative potential method provided a breakthough in the ability for radiative corrections to be included into the many-body problem in heavy atoms. We refer the reader to Ref. [36] for details about this method. The radiative potential method has since been implemented in a number of works, including (with a minor modification to one of the fitting factors in the radiative potential) Refs. [37, 38] , where the radiative potential was added to the atomic many-body package GRASP [39, 40] .
The upper and lower radial components of the relativistic Hartree-Fock orbitals in the V N −2 potential are expanded in a basis of B-splines of order k = 9 [41] . We use 40 B-splines for Ba and Ra and 50 B-splines for E120 confined to a cavity of radius 40 a.u. We perform the calculations for the exchange part of the correlation potential, the ladder diagrams, and Σ 2 using the lowest 30 states in each partial wave up to l = 6 for the intermediate excitations. We include the correlation potential Σ 1 for the valence levels up to l = 4 and Σ 2 for the valence levels up to l = 3. At the CI stage of the calculations, the basis for Ba and Ra (and E120) consists of the lowest 14 (18) valence states in each partial wave up to l = 4.
To quantify the size of the Breit and QED corrections, we have carried out three runs of the calculations, for both the ions and the neutral divalent atoms: with neither Breit nor QED, with Breit and without QED, and with both Breit and QED. As the basis is determined by the Hartree-Fock orbitals, and Breit and QED corrections enter at this level, we have used a different basis set for each of these runs. For each run, one basis is used for all aspects of the many-body problem: CP, SD, and CI.
III. RESULTS

Our calculations begin for the ions Ba
+ , Ra + , and E120
+ . The correlation potential Σ 1 that describes the valence-core correlations is the same for the monovalent ions above as for the divalent atoms Ba, Ra, E120 when we perform the RHF calculations in the field of the N − 2 electrons of the core. Therefore, the quality of the spectra for the ions is a good indication of the quality of the correlation potential Σ 1 [19] .
A. Ions
Results for the ionization energies of the lowest partial waves up to l = 3 for the ions Ba + , Ra + , and E120 + are presented in Tables II, III , and IV, respectively. We separate the contributions arising from inclusion of the correlation potential Σ ∞ 1 (without ladder diagrams), ladder diagrams "Lad.", the Breit interaction, and QED radiative corrections.
Absolute differences of our final results from experiment are listed in the last column under "∆". These differences for Ba + and Ra + are very small, on the order of 10−100 cm −1 , with the largest difference |∆| ≈ 160 cm −1 . We expect a similar level of agreement for E120 + . We can see from a comparison of the final results "Total" in Tables II, III , IV the effect of the relativistic contraction of the s and p 1/2 orbitals in the heavier homologues, which in turn screen and push out the orbitals with higher angular momenta.
Inclusion of the ladder diagrams is very important for reaching good agreement for the d levels. The d-orbitals are very low-lying in the ions and play a big role in the low-lying spectra of the neutral divalent atoms. The size of the ladder diagram contribution decreases as we go from Ba + to E120 + , as the d orbitals are pushed out, while the contributions for s and p levels increase.
The contributions from Breit and QED are roughly of the same magnitude, and generally increase with higher Z. The QED corrections exceed 100 cm −1 for the s levels for E120
+ , while they are negligible for the p waves. The largest Breit corrections we see are for the f levels, almost reaching 200 cm −1 . Interestingly, these f -wave corrections are mostly determined by many-body effects through the inclusion of Σ ∞ 1 , and they are sensitive to the choice of the correlation potential. It is worthwhile pointing out that the radiative potential [36] was found by fitting to the s and p levels for the hydrogen-like ions; it was not fitted to higher waves. The radiative QED corrections for the d and f waves, however, largely arise due to account of many-body effects, namely core relaxation and the correlation potential. Core relaxation corresponds to alteration of the electronic core due to self-consistent solution of the RHF equations with the radiative potential included. The largest part of the core relaxation correction to the valence level shift occurs as a result of radiative corrections to s-orbitals in the core, which are well-fitted.
We have previously calculated the spectra of these ions for s and p levels, including estimates of Breit and radiative corrections [43] ; more recently the spectra was calculated in Ref. [44] for the lowest s, p, and d levels, this time with the contribution from ladder diagrams, also.
B. Divalent atoms
In Tables V, VI , and VII we present our results for the ionization potentials (removal of one s electron, IP1, and removal of both s electrons, IP1+IP2) and excitation energies for the lowest 31 levels for Ba, lowest 40 levels for Ra, and lowest 25 levels for E120. Results presented under the column "CP nl +SD+CI" mean that the all-orders correlation potential Σ ∞ 1 is included (though ladder di- agrams are not taken into account; the superscript "nl" is short for "no ladder") and that the all-orders Σ 2 is included (calculated using the SD method). Contributions from ladder diagrams, Breit, and QED radiative corrections appear in the following columns.
Our final results are presented under the column "Total", and the column "∆ Exp " gives the deviation of these results from experiment, ∆ Exp = Total − Exp. Results of other calculations are given in the tables, also. In particular, we have presented the most precise ab initio calculations available. These include different versions of coupled-cluster [18, 30, 31, 45] , CP+CI [29] , and SD+CI [32] . For the higher levels, where there is only limited data available, we also present for Ba and Ra the results of semi-empirical CP+CI calculations [20] .
Barium
For Ba, it is seen that the ladder diagrams give a contribution to the excitation energies of about 500 cm −1 for configurations containing a single 5d orbital, that is for 6s5d and 5d6p (excluding the very highest level). For the 5d 2 configuration, the contribution amounts to roughly double this, ≈ 1000 cm −1 . The ladder diagrams give a small correction to the other levels.
The Breit and radiative corrections for Ba are roughly of the same magnitude, ranging between about 10 − 120 cm −1 for Breit and 15 − 110 cm −1 for the radiative corrections for the levels considered. For the higher levels the radiative corrections dominate.
We see that the deviation of our final results "Total" from experiment, ∆ Exp , ranges between 10 − 200 cm −1 , with the exception of the larger deviation for 5d 2 3 P 0,1 of about 400 cm −1 and 500 cm −1 and the very large deviation for 5d 2 1 S 0 of about 1100 cm −1 . The singlet state 5d 2 1 G 4 has not been measured and is absent in the NIST data [42] . Its position was predicted in the early experimental work of Palenius [46] to be 24300±300 cm −1 . It has subsequently been calculated in the works [18, [47] [48] [49] ; there are other calculations of the barium spectra where this level has been missed. We present in the table, alongside our own result, the initial estimate [46] and the value from the most precise calculations [18] . Our calculations give the value 25205 cm
2 , we expect that the result for this level could be underestimated, possibly by as much as 100 − 300 cm −1 . Our result for 5d 2 1 S 0 disagrees with the experimental value by ≈ 1100 cm −1 . This very large difference is well outside the deviations we see for the other levels. This level does not appear in the extensive spectra calculations of Landau et al. [18] . We know of only one other calculation of this level, carried out in the CP+CI method with empirical fitting [20] , with the result 26034 cm −1 ; this is about 700 cm −1 less than experiment, and well above the estimated error in that work.
We
The results of the current work are in significantly better agreement with experiment over the considered spectral range compared to the ab initio calculations performed using CP+CI [29] , SD+CI [32] , and a version of Fock-space coupled-cluster (FSCC) [45] . There is only one other work where comparable accuracy was reached, using the intermediate Hamiltonian Fock-space coupledcluster (IHFSCC) method [18] ; however, in that method the accuracy deteriorates for the higher levels.
We should note that neither Breit nor QED corrections were included in the results of Ref. [29] , while QED corrections were not included in those of Refs. [18, 32, 45] . The QED correction to IP1 was calculated in the work [37] using the radiative potential [36] , and the value −19 cm −1 was obtained -the same result we have obtained in this work.
Radium
The results for radium are presented in Table VI . It is seen from the table that there are a number of gaps in the experimental data, and accurate theoretical predictions of the missing data are important. We don't agree with all configuration designations used in the experimental data compiled by NIST [42] , and we predict that the energy of one of the states (7s8p 1 P o 1 ) is significantly lower than that given in the data tables, as explained later.
Compared to Ba, the ladder contributions for Ra are smaller for the terms involving d orbitals in the dominant configurations, while the contributions to terms from the ss and sp configurations are larger. The Breit contributions to the excitation energies range from 10 − 81 cm −1 for the levels considered, while we saw a significantly larger contribution arising from the QED radiative corrections, 37 − 180 cm −1 . Unlike the case with Ba, for Ra the term designations [18] . c CP+CI, Ref. [29] . IP1 found in combination with the calculation for the ion, Ref. [43] . d SD+CI, Ref. [32] . e FSCC, Ref. [45] . f Estimated in the experimental work of Palenius, Ref. [46] . g Semi-empirical CP+CI, Ref. [20] .
change in some cases when we go from the approximation without ladder diagrams, CP nl +SD+CI, to that with ladder diagrams. This means that it is more difficult to track the changes in energies associated with the ladder corrections, as the terms themselves may differ in these approximations.
The deviations from experiment are generally smaller for Ra than for Ba, with the deviations well under 100 cm −1 for most levels; only a few levels deviate more than 100 cm −1 , with the maximum deviation 191 cm
for the singlet state 7s6d 1 D 2 (with the exception of 7s8p 1 P o 1 , which we address below).
In the final column of Table VI , we list the results of other calculations. For the lower levels, we present the results of ab initio calculations, namely from the CP+CI method [29] and the extended intermediate Hamiltonian Fock-space coupled-cluster (XIHFSCC) method [31] . For the higher levels, where data from these methods is unavailable, we present the results of the IHFSCC method [18] and a semi-empirical CP+CI calculation [20] . Both of these calculations miss some of the higher levels that we see. Note that QED corrections to the excitation energies were not taken into account in these other works [18, 29, 31] , while Breit corrections were also omitted in a NIST data, Ref [42] . b CP+CI, Ref. [29] . IP1 found in combination with the calculation for the ion, Ref. [43] . c XIHFSCC, Ref. [31] . The value for IP1 includes a QED radiative and frequency-dependent Breit correction of −46 cm −1 from Ref. [37] . d Semi-empirical CP+CI, Ref. [20] . e IHFSCC, Ref. [18] .
Ref. [29] . In Ref. [31] , the value for IP1 was modified by adding the frequency-dependent Breit and radiative QED corrections from Ref. [37] ; the contribution from the radiative corrections, through use of the radiative potential [36] , is −42 cm −1 , in agreement with the current work. In Ref. [20] , while Breit and QED radiative corrections were not included explicitly, these effects were taken into account to some degree through the empirical fitting factors.
The current calculations for radium are the most complete and most accurate to date. With the high accuracy that we have achieved using this method, we can be confident of resolving anomalies with experiment in favour of the theoretical predictions.
The most striking disagreement is with the energy assigned to the state 7s8p 1 P o 1 . In the experimental data [42] , the large excitation energy 32858 cm −1 is given to this state. However, we do not see this level in our calculations; rather, we see a low-lying state, with energy 30703 cm −1 , that is absent in the data. In the relativistic regime, the states are defined by their total angular momentum J and their parity. We see only six levels with J = 1 and odd parity in the energy range we have considered, and even extending this range, the next level that we see appears as high as 36067 cm −1 . As for other supporting theoretical calculations for the 1 P o 1 anomaly, results of the semi-empirical CP+CI calculation [20] included two levels with J = 1 and odd parity with energies 30695 cm −1 and 31446 cm −1 . These were assigned in that work to the two levels 7s8p [18] . Therefore, we suggest that there is no high-lying singlet state 1 P o 1 with energy 32858 cm −1 , though we expect that there should be a lower-lying one with energy around 30700 cm −1 . We also suggest that configuration assignments for some terms be altered. We do not have any terms in our data with leading configuration 7p 2 as appears in the experimental data. For the triplet terms 7p 2 3 P , our results indicate instead a strongly dominating configuration 6d 2 3 P . There is also a case where we see that the dominant configuration is 7s7d rather than 7p
2 , for the term referred in the experimental data as 7p 2 1 D 2 . In a system as heavy as radium, and particularly for the higher levels, the validity of the LS system for designating the terms loses much of its meaning. Nevertheless, we still believe that making the previous observations is important, especially when different assignment of the configurations may lead to confusion between the designations of levels.
We note further, that with the very strong mixing of configurations in some terms, these designations become less clear, as we have seen for the odd-parity J = 
Element 120
Our results for the ionization potentials and excitation energies for E120 are presented in Table VII . We also present the results of our calculations for g-factors, and the corresponding non-relativistic values, to help in identification of the levels. For the higher levels, there is strong mixing between configurations, and we have included the dominant configurations explicitly in the table.
It is seen that the ladder diagrams for E120 are significant, around 400 cm −1 for many levels, although the maximum correction for the levels for E120 is less than we saw for the lighter atoms. The d orbitals are wellscreened by the relativistically contracted s and p 1/2 orbitals, and there are no low-lying terms with d 2 configuration.
The Breit corrections to the excitation energies are about 150 cm −1 for many levels, while the QED radiative corrections are smaller, reaching 158 cm −1 in the largest case, for the level 8p 2 1 S 0 . In the final columns we list the results of other ab initio calculations: CP+CI [29] , a version of FSCC [30] , and XIHFSCC [31] . We are also aware of another calculation [38] of the excitation spectra of E120, though the results are so different from all other data (by as much as 10000 cm −1 for some levels) that we have decided not to present them in the table.
Overall, there is good agreement between the different calculations presented in the table. It should be noted that Breit and QED corrections were not included in the calculations [29] , while QED was not included in Refs. [30, 31] . Also, there is some sensitivity to the choice of nuclear density. We used the same Fermi distribution that was used in the previous calculation [29] , and in that work the volume isotopic shifts were studied; we refer the reader to that work for more details.
The QED radiative correction to the ionization potential IP1 for E120 was calculated recently. Shabaev et al. used their model operator approach [50] to calculate the self-energy correction; they obtained −202 cm −1 . The total QED correction (including vacuum polarization) was calculated in Ref. [37] using the radiative potential method [36] , and they obtained a result of −77 cm −1 , in excellent agreement with our own −75 cm −1 . Their result is broken down into the self-energy and vacuum polarization contributions, −183 cm −1 and +106 cm −1 , with the former in good agreement with the result of Shabaev et al.
The only other calculation of QED corrections to excitation energies for E120 was performed in the work [38] . The corrections were found using the radiative potential a Ref. [29] . IP1 found in combination with the calculation for the ion, Ref. [43] . b Ref. [30] . c Ref. [31] . The value for IP1 includes a QED radiative and frequency-dependent Breit correction of −102 cm −1 from Ref. [37] method [36] implemented in GRASP [37, 39, 40] , with results in very good agreement with the results of this work.
Accuracy
The quality of our calculations can be gauged by comparison of our results with experiment. We found excellent agreement between theory and experiment for barium and radium, < ∼ 100 cm −1 for many cases, and we can expect a similar level in the error for our predictions for E120.
We note that the largest deviations we have seen between theory and experiment mostly involve configurations containing d-orbitals. The smaller deviations we see for Ra compared to Ba could be due to the d-orbitals being screened (also there are fewer configurations involving d-orbitals in the lower levels); this screening effect is even more pronounced for E120, and therefore the associated errors from d-orbitals may be reduced.
To further study the limits of our method, particularly in relation to the quality of the correlation potential, we have also performed calculations of the spectra for the three atoms using a different set of screening factors for the Coulomb interaction in the exchange part of the correlation potential. The screening factors were found from the direct diagrams with both electron-electron screening and the hole-particle interaction included, see the second row of Table I . Calculations performed with these modified screening factors gave results that differed from our final results "Total" in Tables V, VI, VII over for barium, about 10 − 100 cm −1 for radium, and about 10 − 200 cm −1 for element 120. For E120, the largest deviations occurred for the higher levels corresponding to configurations comprised of valence orbitals that are not the lowest for that wave. For many of the levels for Ba and Ra, the results with the adjusted screening factors were better than or as good as the original results (and often on the other side of the experimental values). Therefore, we estimate an error that is about half the size of these shifts, consistent with the error estimates we obtained by looking at the deviation of the original results from experiment. We expect similar behaviour for E120.
IV. CONCLUSION
In summary, we have performed ab initio calculations of the spectra of Ba, Ra, and E120 using the recentlydeveloped CP+SD+CI method. We have found unprecedented agreement with experiment for Ba and Ra and have made accurate predictions for missing and unreliable data and for the spectra of E120. For Ra, we are confident that the energy assigned to the level 7s8p
in the data [42] is incorrect, and we predict a value ≈ 2200 cm −1 smaller. The size of the error for our calculations for Ra is about 100 cm −1 or better, while it is slightly larger for Ba. We estimate a similar level of uncertainty for the spectra of E120. Finally, we note that the size of the errors in this ab initio method is comparable to the size of the QED radiative corrections.
